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rial will focus on fundamental issues that constitute the theoretical basis of the further applied nuclear –
geophysical research.  It is shortly presented a modern approach to computing the key parameters of the beta 
decay processes. There are discussed the cooperative electron -nuclear processes in atoms and molecules, 
including the excitation, ionization, electronic rearrangement, induced by the nuclear reactions and -decay. 
A few factors are taken into account: changing the integration limits in the Fermi function integral, energy 
corrections for different chemical substances, and the possibility of the bound -decay or other exotic decay 
channels. 
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1. INTRODUCTION 

 
This paper opens a series of publications, devoted to 

review of new results of the original nuclear-geophysical  
researches at the OSENU mathematics department and its 
laboratories (computational and quantum mathematics 
and mechanics, environmental radioactivity, nuclear geo-
physics).  Primarily the first material will focus on fun-
damental issues that constitute the theoretical basis of the 
further applied nuclear –geophysical research [1-30].  

Let us remind the classical definitions. As it is well 
known, a nuclear geophysics usually studies a spreading 
radioactive elements and stable isotopes in the Earth, the 
impact of this distribution on the geological history of the 
Earth and the issues of determining the absolute age of the 
Earth's crust as well as the processes leading to the con-
centration of radioactive elements in various areas of the 
LC and the formation of industrial fields [1-4]. Besides, 
there are considered  the methods of investigation of the 
Earth's crust geological structure based on the radioactive 
radiation emission and studying the nuclear properties of 
elements.  The direct tasks of nuclear geophysics are 
connected with studying spatial energetic and spatio-
temporal distribution of eradiation in substance under 
known fundamental characteristics (such as cross-sections 
of elementary processes of interaction of radiation with 
substance etc). Surely, theoretical solving  is based using 
the mathematical models of radiation spreading in differ-
ent mediums. Artificial radioactivity occurs during irra-
diation of rocks and environments by gamma rays or 

neutrons. By measuring certain characteristics of the 
induced field, one can judge about the gamma and neu-
tron properties of rocks, which are determined by the 
chemical composition of elements and physical properties 
of rocks. There are many man-made nuclear-physical 
methods for determining the chemical composition and 
physical properties of rocks based on the use of a neutron 
(neutron, neutron-gamma, etc.) or gamma radiation 
(gamma-gamma, gamma-neutron, X-ray radiometric etc). 
One should mention so-called geocosmic method based 
on the underground registration of space muons, which is 
related to modern nuclear geophysics too (see details in 
Ref.[1-4]). One of the most actual and important problem 
is connected with correct quantitative description of envi-
ronmental radioactivity dynamics as well as standard 
geosphere’s dynamics [31,32]. Usually one should note 
the following actual problems such as long-term investi-
gation of the behavior of radionuclides in the environ-
ment, elucidation of the mechanism of transfer of ra-
dionuclides in the environment. It is of a great interest a 
radionuclide transport in geospheres, the terrestrial ra-
dionuclide dynamics - research radionuclide transfer and 
migration in the terrestrial environment etc.   The main 
purposes of modeling, measurements and forecasting 
approach include to evaluate and predict environmental 
radionuclide transfer and radiation through using com-
puter simulations and other methods, to develop improved 
technologies to monitor and measure radiation.  

As it is noted above, we start from fundamental issues 
that constitute the theoretical basis of the further applied 
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studies and discuss the cooperative electron -nuclear 
processes in atoms and molecules, including the excita-
tion, ionization, electronic rearrangement, induced by the 
nuclear reactions and -decay.  It is shortly presented a 
modern approach to computing the key parameters of the 
beta decay processes. A few factors are taken into ac-
count: changing the integration limits in the Fermi func-
tion integral, energy corrections for different chemical 
substances, and the possibility of the bound -decay or 
other decay channels.  

 
2. REVIEIW OF MOST IMPORTANT RESULTS MOD-

ERN PROBLEMS 
 

Methods for influencing the radioactive decay rate 
have been sought from the first years of formation of 
nuclear physics. Beta decay strengths influence nuclear 
transmutations, the pathways of stellar nucleosynthesis in 
stars and the resulting abundance of atomic nuclei. Nu-
clear transmutation (i.e. change in the nuclear charge) 
induced by nuclear reactions of radioactivity are often 
accompanied by a redistribution of the electrons around 
the final transmuted nucleus. Electrons originally in the 
ground state of the target atom (molecule) can be excited 
either in the bound spectrum or to the continuum of en-
ergy. Calculations of the population distribution of the 
atomic states of the daughter atom require a complete 
description of both the bound spectrum and the continuum 
of energy. Calculation of the  decay parameters while 
taking into account the cooperative electronic processes 
(an interaction between beta particle, generated by an 
atomic nucleus, and the electron shells, which surround a 
beta active nucleus in the atomic or molecular system) 
and the chemical environment contribution is now of a 
great theoretical and experimental interest (see, for de-
tails, Refs. [5-18]). Discrepancies in the experimental data 
for parameters of the -decay in the heavy radioactive 
nuclei can be partly explained by contributions of the 
cooperative electron-nuclear processes and chemical bond 
effect. Naturally, the problem of detecting a neutrino mass 
is of a great importance.  

The possible source of the corresponding data about it 
is the -decay spectrum shape. As it is well known, neu-
trinos were postulated by Pauli (1930) to properly explain 

the -decay of the free neutron en p e ν   without 

violating energy-momentum conservation. In the last 
years new experimental feasibilities have allowed for 
improvements in the measurement of the -decay parame-
ters resulting in a more accurate definition of the neutrino 
mass [5,6]. These data are especially important for stan-
dardization of the beta decay parameters for a whole num-
ber of the heavy radioactive nuclei.  It is interesting to 
note that discrepancies in data on the half-life period for 
241Pu are not explained hitherto, though quite a reasonable 

comment is connected with taking into account the bound 
-decay channel etc (see Refs. [7]). The population distri-
bution of the atomic states of the daughter atom requires a 
complete and correct description of the cooperative elec-
tron-nuclear processes and chemical environment effect 
on the -decay parameters [5-18].  

One has to consider the following effects [7]: i) 
Changing the electron wave functions because of the 
changing atomic electric field; changing the valence shell 
occupation numbers in different chemical substances; ii) 
The integration limits (calculating the Fermi integral 
function) are also changed in a case of the different 
chemical substances; as a rule, -particle and neutrino 
take away the difference between the initial and trans-
muted final nuclei, provided by the nuclear and electronic  
rearrangement. One must also mention the additional 
channel, when -electron occupies a free state in the 
bound atomic spectrum. Approaches implemented up to 
now can be characterized as force ones using, first of all, 
the change in energy balance of radioactive decay: crea-
tion of isomeric states, variation of energy of the chemical 
bond in molecules with radioactive atoms and -decay to 
bound states in the ionized atoms.     

The last channel was discovered for the first time in 
experiments on the synchrotron and SIS/ESR (GSI, Ger-
many), when the bound  decay 163Dy66+ 163Ho66+ was 
studied by using the technology of the highly-or fully-
ionized atomic beams (multicharged ions) (see details in 
[7] and references therein). In fact, the -transition 
Dy66+ Ho66+ was observed, which is accompanied by a 
capture of the -particle on the К and L shell levels in the 
bound spectrum of the daughter atom. In fact, the com-
plete ionization of 163Dy in the storage ring of a heavy ion 
accelerator makes its beta decay to the K shell of 163Ho 
possible, with a half-life of 47 days, while in the neutral 
atom this decay is energetically forbidden. The similar 
effect was obtained for 187Re. Let us remember also that 
such an effect may be responsible for creation of elements 
in the space and astrophysical plasma (see details in Refs.  
[5,18-20]).  The important results are linked with the first 
measurement of a ratio λβb/λβc of bound-state (λβb) and 
continuum-state (λβc) β

--decay rates for the case of bare 
207Tl81+ ions. These ions were produced at the GSI frag-
ment separator FRS by projectile fragmentation of a 208Pb 
beam. The  half-lives of isomeric states of fully ionized 
144Tb, 149Dy, 151Er were measured too (see [6-10] and 
references therein). These nuclides were produced via 
fragmentation of about 900 MeV/u 209Bi projectiles, sepa-
rated in flight with the fragment separator (FRS) and 
stored in the cooler ring (ESR). The authors of Ref. [18] 
observed for the first time drastic increases of the half-
lives of bare isomers by factors of up to 30 compared to 
their neutral counterparts. This phenomenon is due to the 
exclusion of the strong internal conversion and electron-
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capture channels in the radioactive decay of these bare 
nuclei. The authors of Ref. [7] reported on the study of 
the dominating breakup channels involving n6He or 
3n2 in the final state, with special emphasis dedicated in 
this contribution to the three-particle channel.   One could 
also mention the known change of the decay rate for 7Be, 
which was measured most thoroughly. The change in the 
K-capture rate by ~10-2 due to the influence of the energy 
of chemical bond and the atomic configuration of the 
environment (including measurements with 7Be placed 
inside the fullerene C60) was registered (see Refs. [5-16]). 
It has been experimentally and theoretically found that the 
chemical environment (chemical bond, pressure etc.) 
effect resulted in changing (~ 0.1–1.0%) the correspond-
ing decay constant.  The helium-isotope mass-
spectroscopy method for measuring the triton decay con-
stant for various cases of the electron environment was 
used to determine the tritium half-life without allowance 
for decay to beta-electron bound states and to calculate 
the respective reduced half-life in Ref. [5-7]. More in-
triguing effects are considered in a case of -decay (see 
Refs. In [7]). Results on variation of the decay rate of 
Mössbauer isomers due to interference of electromagnetic 
waves in the system of the emitter and a screen from the 
same atom in the ground state situated at a distance of ~ 
2mm seem quite impressive  [19]. The values of the 
measured relative variation of the decay rate for 119mSn, 
125mTe reach ~10%.   The elementary cooperative elec-
tron- and -nuclear processes in atoms and molecules 
were considered in the pioneering papers by Migdal 
(1941), Levinger (1953), Schwartz (1953), Gol’dansky-
Letokhov-Ivanov (1971-1976), Kaplan-Markin-Yudin 
(1973-1975), reviews by Batkin-Smirnov (1980), papers 
by Freedman (1974),  Carlson et al. (1968), Intemann 
(1983), Isozumi et al. (1977), Law- Campbell (1975), 
Martin-Cohen (1975), Mukouama et al. (1978), Law-
Suzuki (1982), Wauters-Vaeck (1997) et al [5-20]. The 
elementary cooperative electron -nuclear processes were 
considered in the papers by Levinger (1953), Hansen 
(1974), Watson (1975), Anholt-Amundsen (1982), Law 
(1977), Mukoyama-Ito (1988) et al (see Refs. [5-10]). In 
this context, the known Mössbauer, Szilard-Chalmers and 
other cooperative effects should be mentioned. The con-
sistent quantum electrodynamics (QED) theory of coop-
erative electron -nuclear processes in atoms and mole-
cules is developed in Refs. [7,24-31]. In fact, it is possibly 
a reverse bridging between nuclear structure theory and 
quantum chemistry (atomic and molecular physics). Data 
on -decay parameters can be used for studying the chem-
ical bond nature, treating the spatial structure of molecu-
lar orbitals, identifying the electron states in some tritium-
containing systems and diagnostics of the compounds by 
means of exchange of the hydrogen atoms by tritium 
(“tritium probe”). 

3.  ELEMENTS OF MODERN -DECAY THEORY AND 
COOPERATIVE ELECTRON- -NUCLEAR PROC-
ESSES 

 
As it is well known, the fundamental process behind  

decay is weak interaction of the down (up) quarks (for 

example: ed u e ν   etc) via the exchange of virtual 

bosons [81.8 (W) and 91.2 (Z0) GeV/с2)] . 
The first theory of -decay was proposed by E. Fermi 

(1934), who introduced the local (contact) 4-fermion 
interaction of the nucleons and leptons. Hamiltonian of 
the Fermi nucleon-lepton interaction is as follows 

 
μ

β β μ( )(   p n eH G Ψ Ψ Ψ Ψ    ) .  (1) 

 
Here Gβ is the Fermi constant, Ψ are the four-

component wave functions of the   particles (solutions of 

the Dirac equation), 0eΨ Ψ  , μ are the Dirac matri-

ces,  μ=0,1,2,3,4; 0
0  ; i

i    (i=1,2,3).  

The nucleon-lepton interaction had purely vector form 
in the Fermi theory. The modern “V-A” theory usually 
uses an effective β-decay Hamiltonian which was intro-
duced by Feynman and Gell-Mann 

    

β μ
β μ( ) ( ) c.c. ,

2

G
H J x L x    (2) 

 
where Jμ is the nucleonic current, Lμ is the leptonic 

current and x is a spatial-temporal coordinate.   
Despite a great progress in development of the com-

prehensive theory for the nuclear -decay (electroweak 
interactions), hitherto many practical questions are far 
from a satisfactory treatment. The further consistent cal-
culations of the -decay parameters that take into account 
accompanying cooperative effects are needed. The wide-
spread quantum mechanical methods (such as the Hartree-
Fock (HF) method, the random-phase approximation, the 
Coulomb approximation (CA), the Hartree-Fock-Slater 
(HFS) and Dirac-Fock (DF) methods, DFT etc) are usu-
ally used in the atomic calculations and calculations of the 
-allowed (superallowed) transitions parameters [5-7].  

The difficulties of the corresponding calculations are 
well known (insufficiently correct account for exchange 
and correlation in the wave functions of -particle, prob-
lem of gauge invariance, generation of the non-optimized 
bases of the wave functions for a discrete spectrum and 
continuum etc). The nuclear, relativistic, radiative correc-
tions should be accurately taken into account too. As a 
rule, to estimate the -spectrum shape and decay parame-
ters, the special tables [5,16] of the Fermi functions are 
usually used (the CA data). In some papers (see Refs. [5]) 
the HFS approach that takes into account the nuclear 
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finite size effect was used. In some papers (see Refs. 
[28,29] and references therein) the DF method is used. A 
gauge-invariant QED PT formalism for the calculation of 
the spectra and wave functions for heavy atoms while 
taking into account the relativistic, correlation, nuclear, 
and QED effects has been developed in Refs. [23-28]. 
This formalism provides two optimized gauge invariant 
(GI) calculation schemes with the DF (GIDF) and DKS 
(GIDKS) zeroth approximation. Below, the DKS scheme 
is used in our calculation.  

      As it is well known, a probability of the transition 
from the initial state |> with the energy E to some final 
state <f| with the energy Ef per unit of time is defined as 
follows 

 

0

2
, (2 / ) | | | | ( / ) | , ,f EdW f H dN dE E E E0E f        (3) 

 
where the value (dN/dE) defines a density of the final 

states of a system per unit of energy and the correspond-
ing matrix element is 

 
3 3

1| | f Af H H d r d r       ,  (4) 

 
where the interaction Hamiltonian H and wave func-

tions of the initial  and final f states. The expression 
for a number of the β-,  -particles with energy in the 
interval from E till E+dE is as follows 

 

 2 22 2 4
03 7 5

1
| | , (5) 

2f e e e edW f H E m c E E E dE
c  


    


 

   2 2 2 4 2
0 03 7 5

1
| | .

2fdW f H E E m c E E E dE
c     


         (6) 

 
Further we will study the allowed and super allowed 

-transitions. The contribution of these transitions is the 
most significant to the resulting spectrum of the -decay. 
At the same time, the forbidden transitions contribution is 
usually about a few percent of the total intensity. Distribu-
tion of  particles on energy in a case of the allowed tran-
sitions is as follows  

 

2
03

1
( ) / ( , ) ( ) | | .

2
dW E dE G F E Z E p E E M 

      2 2  (7) 

 
Here Е, p=(E2-1)1/2 are the total energy and pulse of -

particle; E0=1+(Eb/mec
2), Еb  is the boundary energy of β-

spectrum; |M| is a matrix element, which is not dependent 
on an energy in a case of the allowed β-transitions. The 
Fermi and integral Fermi functions are defined as follows: 
[7]  

2 2
1 12

1
( , ) ( ),

2
F E Z g f

p      (8) 

0

2
0 0

1

( , ) ( , ) ( ) .
E

f E Z F E Z E p E E dE       (9) 

Here f+1 and g-1 are the relativistic electron radial func-
tions; the indexes l=, where =(l-j)/(2j+1). The half-
life period can be defined as follows 

 
3 2 2

1/2 β 02 2 |T π ln G Μ f Ε Ζ         (10) 

 
Here two calculation schemes can be used: i) The rela-

tivistic electron radial wave functions are calculated on 
the boundary of the spherical nucleus with radius R (see 
[13,14]); ii) The values of these functions in zero are used 
in further computing. In the next paper we present the 
theoretical basis of our  relativistic many-body perturba-
tion theory with the optimized Dirac-Kohn-Sham zeroth 
approximation for the further studying and computing the 
-decay parameters for a number of allowed (superal-
lowed) transitions (for example, 33P-33S, 241Pu-241Am and 
others rock elements) and studying a chemical bond effect 
on -decay parameters.    
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Статья открывает серию публикаций, посвященных обзору новых результатов оригинальных 

ядерного геофизических исследований, выполненных на кафедре математики ОГЭКУ и его лаборато-
рий (вычислительной и квантовой математики и механики, ядерной геофизики и др.). Первоначаль-
ный материал преимущественно концентрируется на фундаментальных проблемах, решение которых  
составляют теоретическую основу дальнейших  прикладных ядерной-геофизических исследований. 
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Кратко изложены элементы современной теории процессов бета-распада и качественно обсуждаются 
характерные особенности так называемых кооперативных электрон-бета-ядерных процессов в атомах 
и молекулах, в том числе возбуждения, ионизации, электронной перестройкой, вызванной ядерных 
реакций и бета-распада.. Несколько факторов учитываются: изменение пределов интегрирования в 
функции Ферми и интегральной функции Ферми, энергетические поправки для различных химиче-
ских элементов (веществ),  а также возможности связанного бета-распада или других экзотических 
каналов распада. 

Ключевые слова: ядерная геофизика, процессы бета-распада, кооперативная электрон-бета-
ядерная спектроскопия. 
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Стаття відкриває серію публікацій, присвячених огляду нових результатів оригінальних ядерного 

геофізичних досліджень, виконаних на кафедрі математики ОДЕКУ і його лабораторій (обчислюваль-
ної та квантової математики і механіки, ядерної геофізики та ін.). Початковий матеріал переважно 
концентрується на фундаментальних проблемах, вирішення яких складають теоретичну основу пода-
льших прикладних ядерної-геофізичних досліджень. Коротко викладені елементи сучасної теорії про-
цесів бета-розпаду і якісно обговорюються характерні особливості так званих кооперативних елект-
рон-бета-ядерних процесів в атомах і молекулах, у тому числі збудження, іонізації, електронною пе-
ребудовою, викликаної ядерних реакцій і бета-розпаду. Декілька факторів враховуються : зміна меж 
інтегрування у функції Фермі та інтегральній функції Фермі,  енергетичні поправки для різних хіміч-
них елементів (речовин), а також можливості пов'язаного бета-розпаду або інших екзотичних каналів 
розпаду. 

Ключові слова: ядерна геофізика, процеси бета-розпаду, кооперативна електрон-бета-ядерна спе-
ктроскопія. 
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