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We present firstly a new whole  technique of analysis, processing and forecasting environmental radioac-
tivity dynamics, which has been earlier developed for the  atmospheric pollution dynamics analysis and in-
vestigation of chaotic feature sin dynamics of the  typical hydroecological systems. The general formalism 
include:  a). A general qualitative analysis of dynamical problem of the environmental radioactivity dynamics 
(including a qualitative analysis from the viewpoint of ordinary differential equations, the “Arnold-analysis”); 
b) checking for the presence of a chaotic (stochastic) features and regimes (the  Gottwald-Melbourne’s test; 
the method of correlation dimension); c) Reducing the phase space (choice of the time delay, the definition of 
the embedding space by methods of correlation dimension algorithm and false nearest neighbor points); d). 
Determination of the dynamic invariants of a chaotic system (Computation of the global Lyapunov dimension 
; determination of the Kaplan-York dimension dL and average limits of predictability Prmax on the basis of 
the advanced algorithms; e) A non-linear prediction (forecasting) of an  dynamical evolution of the system. 
The last block indeed includes new (in a theory of environmental radioactivity dynamics) methods and algo-
rithms of nonlinear prediction such as methods of predicted trajectories, stochastic propagators and neural 
networks modelling, renorm-analysis with blocks of the polynomial approximations, wavelet-expansions etc.  

Key words:  environmental radioactivity dynamics, the ecological state, time series of concentrations, 
pollutants, analysis and prediction methods of the theory of chaos. 

 
 

 
1. INTRODUCTION 

 

One of the most actual and important problem of the 
applied ecology and environment protection is connected 
with correct quantitative description of environmental 
radioactivity dynamics (look for example, [1,2]). Usually 
one should note the following actual problems such as 
long-term investigation of the behavior of radionuclides 
in the environment, elucidation of the mechanism of 
transfer of radionuclides in the environment to animals 
through the food chain, elucidation of the mechanism of 
transformation and transportation of radioactive sub-
stances due to meteorological phenomena and other fac-
tors, provision of a think-tank function towards the recov-
ery of the environment, conservation of research materials 
and samples and archiving of research methodologies and 
research objects. The key problems of the atmospheric 
radionuclide dynamics includes the research radionuclide 
transport in the atmospheric environment respectively, the 
terrestrial radionuclide dynamics - research radionuclide 
transfer and migration in the terrestrial environment, 
marine radionuclide dynamics - research radionuclide 
transfer in the marine environment and radiological hy-
drology - research radionuclide transfer from land to fresh 
water environments due to hydrological phenomena. The 
key radioecological transfer and effects include research 
radionuclide cycles in the forest ecosystems, research 

radionuclide transfer to biota in inland waters, research 
radionuclide transfer in soil-plant system, research bio-
logical effects of radiation exposure to microbes, algae, 
and plants, research biological effects of radiation expo-
sure to animals, with an emphasis on free-ranging wild-
life. The main purposes of modeling, measurements and 
forecasting approach include to evaluate and predict envi-
ronmental radionuclide transfer and radiation through 
using computer simulations and other methods, to develop 
improved technologies to monitor and measure radiation, 
to develop mechatronics systems and remote control 
technologies that will enable sampling and other opera-
tions in areas where humans cannot approach, to make 
analysis and archiving of research outputs and research 
samples produced by IER and other institutes around the 
world. Provision of these materials to researchers around 
the world upon their request, to analyze and archive re-
search outputs and research samples produced by IER and 
other institutes around the world and provide these mate-
rials to researchers around the world upon request.  

Let us remind [1-3] that most of the models currently 
used to assess a state (as well as, the forecast) of an envi-
ronment pollution are presently by the deterministic mod-
els or simplified ones, based on a simple statistical regres-
sions. The success of these models, however, is limited by 
their inability to describe the nonlinear characteristics of 
the pollutant concentration behaviour and lack of under-
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standing of the involved physical and chemical processes. 
Although the use of methods of a chaos theory establishes 
certain fundamental limitation on the long-term predic-
tions, however, as has been shown in a series of our pa-
pers (see, for example, [1-11]), these methods can be 
successfully applied to a short-or medium-term forecast-
ing.  In Ref. [1-4] we presented the successful examples 
of the quantitatively correct description of the temporary 
changes in the pollutants concentration in a few atmos-
pheric and hydroecological systems.  

The main purpose of this paper is formally to repre-
sent theoretical basis of a new general formalism for an 
analysis and forecasting the environmental radioactivity 
dynamics, based on the methods of a chaos theory and 
dynamical systems. As an illustrative example, we make 
analysis of the radon concentration time series for 5 years 
(2003-2007) that can be considered a normal period and 
compared it with data from the precursory period of 2008 
until March 2011, when the 2011 Tohoku-Oki Earthquake 
occurred. This analysis makes a purpose to reveal the 
chaotic features in the radon concentration series. This 
feature can be provided by atmospheric turbulence.  

 
2. NEW GENERAL FORMALISM FOR ANALYSIS OF 

AND FORECASTING THE ENVIRONMENTAL RA-
DIACTIVITY DYNAMICS  
 

As usually, we start   from the first key task on testing 
a chaos in the time series of environmental radioactivity 
dynamics. Following to [2-4], one should consider scalar 
measurements of the system dynamical parameter, say 

 

s(n)=s(t0+ nt) = s(n),   (1) 
 
Here t0 is a start time, t is the time step, and n is 

number of the measurements. In a general case, s(n) is 
any time series (environmental radioactive pollutants 
concentration). As processes resulting in a chaotic behav-
iour are fundamentally multivariate, one needs to recon-
struct phase space using as well as possible information 
contained in s(n). Such reconstruction results in set of d-
dimensional vectors y(n) replacing scalar measurements. 
The main idea is that direct use of lagged variables 
s(n+), where  is some integer to be defined, results in a 
coordinate system where a structure of orbits in phase 
space can be captured. Using a collection of time lags to 
create a vector in d dimensions  

 

y(n)=[s(n),s(n + ),s(n + 2),..,s(n +(d1))], (2) 
 

the required coordinates are provided. In a nonlinear sys-
tem, s(n + j) are some unknown nonlinear combination 
of the actual physical variables. The dimension d is the 
embedding dimension dE (see details, for example, in 
Refs [2-4]).  

The choice of proper time lag is important for the sub-
sequent reconstruction of phase space.  If   is chosen too 
small, then the coordinates s(n + j),  s(n +(j +1))  are so 
close to each other in numerical  value that they cannot be 
distinguished from each other. If  is too large, then 
s(n+j),  s(n+(j+1)) are  completely independent of each 

other in a statistical sense. If  is too small or too large, 
then the correlation dimension of attractor can be under-or 
overestimated.  

Further it is an important task to choose some inter-
mediate position between above cases. First approach is 
to compute the linear autocorrelation function CL() and 
to look for that time lag where CL() first passes through 
0. This gives a good hint of choice for  at that s(n+j) 
and s(n+(j +1)) are linearly independent.   It’s better to 
use approach with a nonlinear concept of independence, 
e.g. an average mutual information [1-3]. The mutual 
information I of two measurements ai and bk is symmetric 
and non-negative, and equals to 0 if only the systems are 
independent. The average mutual information between 
any value ai from system A and bk from B is the average 
over all possible measurements of IAB(ai, bk). Usually it is 
necessary to choose that  where the first minimum of I() 
occurs [2-4]. 

The goal of the embedding dimension determination is 
to reconstruct a Euclidean space Rd large enough so that 
the set of points dA can be unfolded without ambiguity. 
The embedding dimension, dE, must be greater, or at least 
equal, than a dimension of attractor, dA, i.e. dE > dA. In 
other words, we can choose a fortiori large dimension dE, 
e.g. 10 or 15, since the previous analysis provides us 
prospects that the dynamics of our system is probably 
chaotic. The correlation integral analysis is one of the 
widely used techniques to investigate the signatures of 
chaos in a time series. The analysis uses the correlation 
integral, C(r), to distinguish between chaotic and stochas-
tic systems.  

According to [2-4], one should calculate the correla-
tion integral C(r).  If the time series is characterized by an 
attractor, then the correlation integral C(r) is related to the 
radius r as  
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where d is correlation exponent.  
If the correlation exponent attains saturation with an 

increase in the embedding dimension, then the system is 
generally considered to exhibit chaotic dynamics. The 
saturation value of correlation exponent is defined as the 
correlation dimension (d2) of the attractor (see details in 
refs. [3,4]). 

Another method for determining dE comes from ask-
ing the basic question addressed in the embedding theo-
rem: when has one eliminated false crossing of the orbit 
with itself which arose by virtue of having projected the 
attractor into a too low dimensional space? [2-4]. In other 
words, when points in dimension d are neighbours of one 
other? By examining this question in dimension one, then 
dimension two, etc. until there are no incorrect or false 
neighbours remaining, one should be able to establish, 
from geometrical consideration alone, a value for the 
necessary embedding dimension. Such an approach was 
described by Kennel et al. [16,17]. In dimension d each 
vector y(k) has a nearest neighbour yNN(k) with nearness 
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in the sense of some distance function. The Euclidean 
distance in dimension d between y(k) and yNN(k) we call 
Rd(k) [3] 
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Rd(k) is presumably small when one has a lot a data, 
and for a dataset with N measurements, this distance is of 
order 1/N1/d. In dimension d + 1 this nearest-neighbour 
distance is changed due to the (d + 1)st coordinates 
s(k + d) and sNN(k + d) to 
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We can define some threshold size RT to decide when  

neighbours are false. Then if [3] 
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the nearest neighbours at time point k are declared false. 
Kennel et al. [17] showed that for values in the range 
10  RT  50 the number of false neighbours identified by 
this criterion is constant. In practice, the percentage of 
false nearest neighbours is determined for each dimension 
d. A value at which the percentage is almost equal to zero 
can be considered as the embedding dimension. 

As usually, the predictability can be estimated by the 
Kolmogorov entropy, which is proportional to a sum of 
positive Lyapunov exponents. The spectrum of the 
Lyapunov exponents is one of dynamical invariants for 
non-linear system with chaotic behaviour. The limited 
predictability of the chaos is quantified by the local and 
global Lyapunov exponents, which can be determined 
from measurements. The Lyapunov exponents are related 
to the eigenvalues of the linearized dynamics across the 
attractor. Negative values show stable behaviour while 
positive values show local unstable behaviour.  

For chaotic systems, being both stable and unstable, 
Lyapunov exponents indicate the complexity of the dy-
namics. The largest positive value determines some aver-
age prediction limit. Since the Lyapunov exponents are 
defined as asymptotic average rates, they are independent 
of the initial conditions, and hence the choice of trajec-
tory, and they do comprise an invariant measure of the 
attractor. An estimate of this measure is a sum of the 
positive Lyapunov exponents. The estimate of the attrac-
tor dimension is provided by the conjecture dL and the 
Lyapunov exponents are taken in descending order. The 
dimension dL gives values close to the dimension esti-
mates discussed earlier and is preferable when estimating 
high dimensions.  

If one computes the whole spectrum of the Lyapunov 
exponents, other invariants of the system, i.e. the Kolmo-
gorov entropy and the attractor's dimension can be found. 
The Kolmogorov entropy measures the average rate at 
which information about the state is lost with time. An 
estimate of this measure is the sum of the positive Lya-
punov exponents. The estimate of the dimension of the 

attractor is provided by the Kaplan and Yorke conjecture 
(see details in Refs. [2-4,16,18]) 
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where j is such that  and , and 

the Lyapunov exponents are taken in descending order. 
The dimension dL gives values close to the dimension 
estimates discussed earlier and is preferable when esti-
mating high dimensions. To compute the Lyapunov expo-
nents, one should use a method with linear fitted map, 
although maps with higher order polynomials can be used 
too [18-23]. Another new approach has been recently 
developed by Glushkov-Prepelitsa et al and in using the 
neural networks technique [25]. 
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3. APPLICATION AND CONCLUSIONS 
 

Summing up above said and results of refs. [1-3], it is 
useful to summarize the key points of the investigating 
system for a chaos availability and wording the forecast 
model (evolution) for the environmental radioactivity 
dynamics. Naturally, a difference between the atmos-
pheric and hydrological systems dynamics and the envi-
ronmental radioactivity one is not essential and connected 
only with blocks of treating dynamics of these systems 
from the viewpoint of the evolutionary differential equa-
tions theory.  

The above methods are just part of a large set of ap-
proaches (see our versions in [1-11]), which is used in the 
identification and analysis of chaotic regimes in the time 
series for the typical hydroecological systems. Shortly 
speaking, the whole technique of analysis, processing and 
forecasting any time series of the chemical pollutants in 
the  typical hydroecological systems will be looked as 
follows (see figure below):  

A). A general qualitative analysis of dynamical prob-
lem of the typical hydroecological systems (including a 
qualitative analysis from the viewpoint of ordinary differ-
ential equations, the “Arnold-analysis”); 

B) Checking for the presence of a chaotic (stochastic) 
features and regimes (the  Gottwald-Melbourne’s test; the 
method of correlation dimension);  

C) Reducing the phase space (choice of the time de-
lay, the definition of the embedding space by methods of 
correlation dimension algorithm and false nearest neigh-
bor points);  

D). Determination of the dynamic invariants of a cha-
otic system (computation of the global Lyapunov dimen-
sion ; determination of the Kaplan-York dimension dL 
and average limits of predictability Prmax on the basis of 
the advanced algorithms;  

E) A non-linear prediction (forecasting) of a dynami-
cal evolution of the system. 

The last block indeed includes new methods and algo-
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rithms of nonlinear prediction such as methods of pre-
dicted trajectories, stochastic propagators and neural net-
works modelling, renorm-analysis with blocks of the 
polynominal approximations, wavelet-expansions [10, 11, 
25]).  Indeed, one should use a few algorithms at any step 
of studying.  

As an illustrative example, we make analysis of the 
radon concentration time series for 5 years (2003-2007) 
that can be considered a normal period and compared it 
with data from the precursory period of 2008 until March 
2011, when the 2011 Tohoku-Oki Earthquake occurred. 
This analysis makes a purpose to reveal the chaotic fea-
tures in the radon concentration series. This feature can be 
provided by atmospheric turbulence. In figure 1 we list 
the  time-series variations of the radon concentrations [26-
28].  The downward arrow indicates the date of the 2011 
Tohoku-Oki Earthquake in Japan. The light lines indicate 
the variations during the normal period, whereas the dark 
lines indicate the variations during the precursor period. 

 

 
Fig. 1 – The time-series variations of the radon concentrations [26-28]. 
 

In Table 1 we list the results of preliminary analysis of 
the radon concentration time series (2003-2008 years; 
8198 values), in particular, it summarizes the results of 
the numerical reconstruction of the attractors, as well as 
average limit of predictability (Prmax) and the Gottwald-
Melbourne chaos availability parameter K [8] for the 
radon concentrations.   

 
Table 1 - Time lag (), correlation dimension  (d2), embedding dimen-
sion (dE), Kaplan-Yorke dimension (dL), average limit of predictability 
(Prmax) and parameter  K for the radon concentrations.   

 
 d2 dE dL Prmax K 
181 6,3 7 5,7 12 0,73 

 
At the same time, analysis and studying the radon 

concentrations time series during 2009-2011 does not 
definitely reveal the chaotic features that can be explained 
by insufficient series data. In any case this preliminary 
analysis has shown that the presented formalism can be 
used for adequate description of the environmental radio-
activity dynamics.  
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ВАННЫЙ НА МЕТОДАХ ТЕОРИИ ХАОСА:  ОБЩАЯ СХЕМА И НЕКОТОРЫЕ ПРИМЕНЕНИЯ 

 
А.В. Глушков, д-р ф.-м. н., проф.  

Е.Р. Губанова, д-р экон. н., проф., О.Ю. Хецелиус, д-р ф.-м. н., проф.,  
Г.П. Препелица, д-р ф.-м. н., проф., А.А. Свинаренко, д-р ф.-м. н., проф., 

Ю.Я. Бунякова, к.геогр. н., доц.,  В.В. Буяджи, ассист.  
 

 Одесский государственный экологический университет, 
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Мы представляем новый общий аппарат анализа, обработки и прогнозирования характеристик 

временных рядов концентраций загрязняющих веществ для типовых гидроэкологических систем, 
схематично включает следующие блоки и уровне исследований: общий качественный анализ динами-
ческих особенностей задачи эволюции типичных гидроэкологических систем (в том числе, качествен-
ный анализ с точки зрения обыкновенных дифференциальных уравнений, "Арнольд-анализ»); б) про-
верка на наличие хаотических (стохастических) особенностей, элементов, режимов (тест Готвальда-
Мельбурна, метод корреляционной размерности); в) исследование  фазового пространства (выбор 
времени задержки, определение пространства вложения методами и алгоритмами  корреляционной 
размерности и ложных ближайших соседних точек); г) определение динамических инвариантов хао-
тической системы (вычисление глобальной размерности, показателей  Ляпунова ; определение раз-
мерности Каплана-Йорка dL и среднего предела предсказуемости Prmax на основе усовершенствован-
ных алгоритмов; е) нелинейный анализ и предсказание (прогнозирование ) динамической эволюции 
систем. Последний блок действительно включает в себя новые (в динамике радиоактивности окру-
жающей среды) методы и алгоритмы нелинейного прогнозирования, такие как методы прогнозируе-
мых траекторий, формализм случайных пропагаторов, нейросетевые алгоритмы, ренорм-анализ с бло-
ками полиномиальных аппроксимаций, вейвлет-разложений и т.д. 

Ключевые слова: динамика радиоактивного загрязнения окружающей среды, экологическое со-
стояние, временные ряды концентраций, загрязняющие вещества, анализ и прогнозирование на основе 
методов теории хаоса. 

 
АНАЛІЗ І ПРОГНОЗ ДИНАМІКИ РАДІОАКТИВНОСТІ НАВКОЛИШНЬОГО  

СЕРЕДОВИЩА ЗАСНОВАНИЙ НА МЕТОДАХ ТЕОРІЯ ХАОСУ:  
ЗАГАЛЬНА  СХЕМА І ДЕЯКІ ЗАСТОСУВАННЯ 
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Ми представляємо новий загальний апарат аналізу, обробки та прогнозування характеристик часо-

вих рядів концентрацій забруднюючих речовин для типових гідроекологічних систем, що схематично 
включає наступні блоки і рівні досліджень: а) загальний якісний аналіз динамічних особливостей за-
вдання еволюції типових гідроекологічних систем (у тому числі, якісний аналіз з погляду звичайних 
диференціальних рівнянь ", Арнольд-аналіз»); б) перевірку на наявність хаотичних (стохастичних) 
особливостей, елементів, режимів (тест Готвальда-Мельбурна, метод кореляційної розмірності);  
в) дослідження фазового простору (вибір часу затримки, визначення простору вкладення методами і 
алгоритмами кореляційної розмірності і помилкових найближчих сусідніх точках) ;. г) визначення ди-
намічних інваріантів хаотичної системи (обчислення глобальної розмірності, показників Ляпунова ; 
визначення розмірності Каплана-Йорка dL  і середнього межі передбачуваності Prmax на основі вдоско-
налених алгоритмів ;. е) нелінійний аналіз і прогноз (прогнозування) динамічної еволюції систем. 
Останній блок дійсно включає в себе нові (в динаміці радіоактивного забруднення навколишнього се-
редовища) методи та алгоритми нелінійного прогнозування , такі як методи прогнозованих траєкто-
рій, формалізм випадкових пропагатор, нейромережеві алгоритми, ренорм-аналіз з блоками поліномі-
альних апроксимацій, вейвлет-розкладів і т.д. 

Ключові слова: динаміка радіоактивного забруднення навколишнього середовища, екологічний 
стан, часові ряди концентрацій, забруднюючі речовини, аналіз та прогнозування на основі методів те-
орії хаосу. 
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